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Comment on ‘‘Eigenfunction expansion of the dyadic Green’s function in a gyroelectric chiral
medium by cylindrical vector wave functions’’

Wei Ren
Department of Computer Science and Communication Engineering, Kyushu University, 6-10-1 Hakozaki, Higashi-ku,

Fukuoka 812, Japan
~Received 6 November 1997!

We have examined the paper by Dajun Cheng@Phys. Rev. E55, 1950 ~1997!#. It turns out that the
theoretical results derived in the above paper are erroneous, and the method developed in the above paper is
also questionable.@S1063-651X~99!08503-7#

PACS number~s!: 41.20.Jb, 42.25.Bs, 52.35.Hr
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In a paper that appeared in this journal@1#, Dajun Cheng
claimed that, based on the Ohm-Rayleigh method, the dy
Green’s function in an unbounded gyroelectric chiral m
dium is rigorously represented in an eigenfunction expans
of the cylindrical vector wave functions. With considerab
interest, we read the above paper carefully. Unfortunat
from Eqs.~19!, ~23!, and ~24!–~26! of Cheng’s paper, it is
evident that the dyadic Green’s function derived by him do
not satisfy the governing equation of the dyadic Gree
function in a gyroelectric chiral medium, namely, Eq.~4! of
Cheng’s paper@1#. In other words, the electric field calcu
lated from the dyadic Green’s function, as shown in Eq.~3!
of Cheng’s paper is incorrect. Since Eq.~3! of Cheng’s paper
@1# is well known and correct, there is only one possibilit
the dyadic Green’s function derived by Cheng based on
new method is erroneous.

Giving an inverse example, which proves someone’s
sult is wrong, is the best way to argue that a general exp
sion is erroneous and a new method is questionable. In o
to prove the above statement that the electric field calcula
from the dyadic Green’s function as shown in Eqs.~3!, ~19!,
~23!, and ~24!–~26! of Cheng’s paper@1# is incorrect, we
only need to check if the electric field outside the sou
region is correct or not. This can be easily checked by
specting the electric field outside the source region of a
pole source, which is derived by the dyadic Green’s funct
in a gyroelectric chiral medium. Actually, as stated by Che
in the last paragraph of Sec. IV B@1#, for a dipole source

parallel to thez axis, onlyV0
(1)8 andW0

(1)8 terms exist for the
dyadic Green’s function. This means that, according
Cheng’s formalism@see, for example, Eqs.~24!–~26! of
Cheng’s paper#, outside the source region onlyV0

(1) andW0
(1)

terms survive in the electric field representation. Howev
V0

(1) and W0
(1) , including their linear combination, do no

satisfy the corresponding homogeneous equation of Eq.~2!
of Cheng’s paper@1#, i.e.,

“3“3E22vmjc“3E1v2meI •E50. ~1!

From Eq.~1!, we can see that

“•EÞ0 ~2!

if eI is not a scalar. Before further discussion, for the sake
clarity, we briefly review the mathematical structure of so
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tions to Eq.~1! of this comment. IfeI is scalar andjc50, Eq.
~1! can be separately satisfied byL , M , andN. The dynamic
and propagating modes areM and N. If eI is scalar and if
jcÞ0, the dynamic mode solutions to Eq.~1! can be ob-
tained in terms of the linear combination ofM and N,
namely,V andW. If eI is a transversely isotropic tensor, a
assumed in Cheng’s papers@1,2#, and if jcÞ0, the dynamic
mode can be constructed by a finite sum of the special lin
combination ofL , M , andN, or, equivalently, a finite sum o
the special linear combination ofL , V, and W. If eI is a
general tensor, the dynamic mode can be constructed b
infinite sum of the special linear combination ofL , M , andN
@7,8#. In Ref. @1#, the divergence of electric field is not zer
while the divergence ofV0

(1) andW0
(1) is identically zero. In

fact, as shown in Cheng’s paper@2#, it is notL and the linear
combination ofV and W separately that satisfy the corre
sponding homogeneous equation~2! of Cheng’s paper@1#
@our Eq. ~1!#, but a special linear combination ofL , V, and
W that satisfy the homogeneous wave equation in a gy
electric chiral medium. Therefore@2#, the linear combination
of V and W cannot be a solution of Eq.~1!. The correct
solution of an electric field in a sourceless region must
clude the vector wave functionL . It is well known thatV
and W satisfy the following standard wave equations
wave numberk:

“

2V1k2V50, ~3!

“

2W1k2W50, ~4!

“3V5kV, ~5!

“3W52kW, ~6!

“•V50, ~7!

“•W50. ~8!

Nobody would think that the standard wave equations~3!
and~4! were the same as the complicated wave equation~1!
in gyroelectric chiral medium. It is also easier work to pe
form a direct verification. As a matter of fact, when we su
stituteV or W or a linear combination ofV andW into Eq.
~1!, the first two terms can cancel the third tensor term if a
only if e is a scalar. That means the homogeneous equa
3772 ©1999 The American Physical Society
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~1! is not satisfied ife is a tensor. In other words,V or W or
a linear combination ofV and W is not a solution of the
corresponding homogeneous equation of Eq.~2! in Ref. @1#
@our Eq.~1!#. Cheng did not claim thatV or W satisfies~1!
either. Similarly, the dyadic Green’s function of dipo

sources perpendicular to thez axis contains onlyV1
(1)8 and

W1
(1)8 terms@1#. According to Cheng’s Eqs.~24!–~26!, this

means that outside the source region onlyV21
(1) and W21

(1)

terms survive in the electric field representation. ButV21
(1)

andW21
(1) , including their linear combination, do not satis

@2# the corresponding homogeneous equation~2! of Cheng’s
paper@our Eq.~1!# either@1#. This point is also very eviden
from Eq. ~2! of Ref. @1#, which clearly shows that the diver
gence of electric field is not zero while the divergence
V21

(1) andW21
(1) is identically zero. Therefore the electric fie

derived by Cheng’s dyadic Green’s function does not sat
the Maxwell equation, and thus is definitely incorrect. As
matter of fact, an exact solution to the wave equation of
electric field in a gyroelectric chiral medium must includ
vector wave functions ofL kind as well as vector wave func
tions of M andN kinds @2#. In summary, by the dipole ex
amples, we have proved that Cheng’s electric field exp
sion and therefore his dyadic Green’s function are incorr

It should be emphasized that we do not misunderst
Cheng’s paper@1#. Following Ref.@1#, it is very evident that
the full eigenfunction expansion of the dyadic Green’s fun
tion is the summation ofG(r ,r 8), PI , andQI . In other words,
Eqs. ~19! and ~13! or ~24a! and ~24b! of Ref. @1#, together
with Eq. ~18!, satisfy the governing equation~4!. So it seems
that the full eigenfunction expansion of the dyadic Gree
function has included contributions of an irrotational vec
function of L kind. However, if the author had not writte
Sec. III of Ref.@1#, his result may have misled the reader
believe that his solution in some way had included a vec
wave function of L kind in the dynamic or propagatin
modes. But as proven in Sec. III of Ref.@1#, the introduction
of a vector wave function ofL kind only results in a static o
local mode. Meanwhile, the tensor weightsP and Q only
determine the coefficients of the vector wave functionsM
andN or linear combinations ofM andN, as clearly shown
by Eqs.~9!, ~11!, ~13!, and~14!.
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The reason why incorrect results are derived by Chen
that the starting point, Eq.~9! of his paper, is questionable.
is not an eigenfunction expansion or Ohm-Rayleigh meth
@3# of the dyadic Green’s function in a gyroelectric chir
medium, since the vector wave functions ofL , M , andN are
not eigenfunctions of the corresponding homogeneous w
equation in a gyroelectric chiral medium, although they a
eigenfunctions of isotropic media. So a solution derived fro
Eq. ~9! of Ref. @1# is a formal solution only. After getting the
formal solution, a direct verification is required. A theore
cal verification for isotropic media cannot guarantee the c
rectness on anisotropic media. Furthermore, the converg
of series~9! of Ref. @1# should be addressed.

According to Ohm-Rayleigh method@3# of the dyadic
Green’s function, both the unit dyadicd source and the dy-
adic Green’s function in a gyroelectric chiral medium shou
be expanded in terms of the eigenmodes of a given adj
Maxwell system@2,4#. Instead of the simple orthogonalit
relationships of vector wave functions in isotropic media@1#,
a modal biorthogonality of given and adjoint eigenmod
must be applied@4,5#. Following the sophisticated procedur
@4,5# above, the vector wave function ofL can survive in the
dynamic mode of an electric field@9#, especially in the elec-
tric field of a dipole@9#.

Finally, we would like to point out that following Cheng’
method ~Sec. III of his paper!, the introduction of vector
wave functions ofL kind can only result in a local mode, o
a static mode of the third kind@5,6#. Meanwhile the propa-
gation modes, or the dynamic modes of the first and sec
kinds @2,6,7#, include vector wave functions ofM and N
kinds only. The key point is that in a gyroelectric chir
medium the propagation modes, or the dynamic modes of
first and second kinds@2,5,6#, must include both vector wave
functions ofM andN kinds and vector wave functions ofL
kind due to the nonzero divergence requirement of the e
tric field, which is a basic concept of vector wave functio
theory of anisotropic media@7,8#. While the completeness
properties of the eigenfunction set of the gyroelectric ch
medium have been demonstrated@5,9# Cheng’s theoretical
results cannot be correct. Actually, the classification of th
kinds of modes, namely, one kind of static mode and t
kinds of dynamic modes, can be found in more popular
erature such as Refs.@10–12#.
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